Fuel cell technology is a promising renewable energy for a wide range of applications. Among various types, the PEM (Proton Exchange Membrane) fuel cell is the most attractive for its clean products and high power density. However, controlling its humidity is one of the most challenging problems. This is due to the interdependence of several phenomena contributing in membrane's water content. Placing a humidity sensor is unfeasible since the membrane is extremely thin and the sensor will block gas diffusion. This work develops a control-oriented mathematical model that calculates the membrane's water content according to gas humidification rates at the input. The study takes into consideration interactions between charge and mass transport along cell's components. Effects of gas humidification rates on electrical outputs are simulated. Simulations show interesting results regarding efficiency improvement through humidity control.
Introduction
Fuel cell technology faces many obstacles retarding its marketing such as production cost and lifetime limitation. Among real obstacles is the control of D DAVID PUBLISHING
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physical phenomena occurring inside the cell in high dynamics of power demand. Particularly, controlling internal humidity of fuel cells is one of the most challenging problems. In fact, several interdependent phenomena contribute in membrane's water content. Placing a humidity sensor is unfeasible since the membrane is extremely thin and the sensor will block gas diffusion. Hence, a control-oriented mathematical modeling of water transport is needed to improve fuel cell's efficiency and lifetime.
Strong dependence and coupling between internal phenomena are the main cause of mathematical modeling limitation in literature. To avoid complexity, most of works focus on studying each phenomenon separately from the others. The existing models could be classified into three main categories:
(1) Static models describing the fuel cell's polarization curve [1] [2] [3] [4] [5] [6] [7] [8] . These models are suitable for stationary applications where the operating point does not change rapidly. However, when it comes to dynamic applications these models are not convenient since they cannot follow the rapid change in power demand.
(2) Dynamic linear models such as state space linear models [9] [10] [11] [12] . They result from the linearization of nonlinear models around an operating point. Being simple and easy to control are their main advantages. However, these works do not describe precisely highly nonlinear phenomena occurring inside the fuel cell. Results in Ref. [13] show a considerable error between linear models and experimental tests. Therefore, the fuel cell's control in dynamic applications cannot rely on this type of models.
(3) Dynamic nonlinear models that focus on studying each phenomenon separately from the others. For example in the works of Refs. [14, 15] electrochemical modeling was not coupled with mass balance modeling. Furthermore, they do not consider the effect of temperature and humidity variations on the output voltage and voltage losses. Other works are based on fuzzy logic and artificial neural networks approaches to model the fuel cell [16] [17] [18] [19] [20] [21] [22] [23] . Based on learning techniques, these computational models are not appropriate for fuel cells because they are not deterministic: they are black box; that is internal phenomena are not described. Moreover, model's learning requires time which is not convenient for controlling a critical parameter such as membrane's humidity.
Important works dealing with modeling membrane's water content in transient behaviors are the ones given by Refs. [24, 25] . In their works, Wang Y. and Wang C. studied the water distribution with respect to the space scale in a three-dimensional model as well as the two-phase flow. Fuller and Newman [26] examined experimentally the water transport number in Nafion 117 membrane and presented the relationship between transport number and electro-osmotic coefficient. Okada et al. [27] modeled the water transport and concentration profile at the anode side.
In summary, the above models do not consider all parameters influencing the membrane's humidity, such as: water mole fractions in hydrogen and oxygen, water production at the cathode as well as the phenomena of diffusion and electro-osmosis between anode and cathode. Furthermore, they do not study the dynamic evolution of the humidity and its influence on the fuel cell's efficiency.
This work develops a control-oriented mathematical model of the water transport inside PEM (proton exchange membrane) fuel cells. The proposed model considers all parameters affecting the membrane's humidity including gas humidification rates. Effect of humidity on electrical outputs is also studied. The model takes into account interactions between charge and mass transport along the fuel cell's components.
PEM Fuel Cell Principle
PEM fuel cell uses pure hydrogen and oxygen as
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reactants and produces electricity and clean water. At the anode side, the hydrogen molecule is split into protons and electrons. Protons permeate across the electrolyte (membrane) to the cathode while electrons flow through an external circuit and produce electric power. Oxygen, usually in the form of air, is supplied to the cathode and combines with electrons and hydrogen protons to produce water. The chemical reaction governing this principle is:
At normal conditions of pressure and temperature, the electrochemical potential resulting from chemical reactions is given by Nernst equation [28] :
According to Eq. (1), two moles of hydrogen need one mole of oxygen to produce one mole of water and four electrons. Consequently, the relation between current density j and gases diffusion flux J is shown in Ref. [18] :
Single Cell Modeling
Mathematical modeling is a fundamental tool for fuel cells investigation and development. It permits to describe and control different phenomena interacting inside the single cell. In a fuel cell, there are various processes such as gas diffusion, charge transfer and water transport that occur in coupling with electrochemical reactions. This paper deals with dynamic nonlinear modeling of the PEM fuel cell using the semi-physical approach. The advantage of this approach is to provide mathematical modeling for internal physical phenomena using an analog representation. The objective is to model the fuel cell's diffusional and electrical process using an electrical equivalent circuit. Diffusion principle is used to model gas concentrations and to establish relationships between internal and external gas pressures and gas diffusion flows. Water transport is used to describe the fuel cell's internal humidity and to calculate the membranes water content according to gas humidification rates at the input. Electrical principles are used to describe the evolution of electrical outputs as voltage, current and powers. Finally, the global model is elaborated by combining diffusional, water transport and electrical approaches in one equivalent circuit. The fuel cell's dynamics are represented by non-linear differential equations in the state-space form. The state-space representation exhibits great advantages in systems analysis and control. Besides, it presents a powerful tool for simulation.
The main assumptions of the model are stated as follows:
(1) The model deals with a single PEM cell. Indeed, having a planar geometry, the PEM fuel cell stack is built by piling up multiple single cells. Hence, electrical, charge and mass transport phenomena remain valid for the stack because in a serial connection the single cell voltage is added up.
(2) The model considers a one-dimensional diffusion inside cell's components (in the x direction). This assumption is not restrictive due to gas pressure difference between anode and cathode and since the layers of the electrodes are very thin.
(3) The temperature is considered constant and uniformly distributed inside the cell's components.
However, the study of temperature variation and distribution in the space scale requires a thermal study which is not the subject of this work.
Given these assumptions, we define in Table 1 
Diffusional Process
In this part the diffusion principle is used to establish expressions for internal gas pressures In a planar geometry model (PEM fuel cell) with cross-flow circulation of gases, the diffusion flow caused by the concentration difference between BP and TC zones is given by Fick's first law:
where J is the diffusion flow, D is the gas diffusion coefficient and C  is the concentration gradient. The low diffusion layer thickness and the porous characteristic of the electrodes permit to assume that gases diffuse in one dimension (in the x direction, see Fig. 1 ). Therefore, the expression of the diffusion flow given in Eq. (5) becomes: 
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To compute J we use Fick's second law which provides the concentration variation with respect to time:
It should be noted that the temporal solution of Eq. (7) is related to the erf function. Since, this latter does not have a continuous solution we use the Laplace transforms to resolve this problem. Laplace transform appears to be more suitable for state-space representation. Indeed, the Laplace transforms of Eq. (7) is given by:
The solution of Eq. (9) with the boundary
Hence, the gas concentration at the BP zone
At normal conditions of pressure and temperature, gases can be assumed to be ideal. Then, Avogadro's
Then, we have:
The Taylor first order developments of tanh and exp functions around zero ( L is very thin) give:
Now, Eq. (10) with the boundary condition
The Taylor first order development of exp function around zero and the inverse Laplace transform give:
In addition, according to Avogadro's law, we have:
This and Eq. (13) imply:
Given that 
Water Transport
In this part, we study the water transport through cell components (Fig. 2 ) in order to state relations between water mole fractions in hydrogen and oxygen, anode and cathode water activities, as well as membrane humidity. Fig. 2 shows the transport of reactants ( 
First, we emphasis that water transport is mainly imposed by the mechanisms transport in the membrane. Indeed, resistive effects of species transport inside the cell are much more important in electrolyte (diffusion of a liquid phase) than in electrodes (diffusion of a gas phase). In this context, characterization of transport phenomena in the electrolyte is very important because membrane humidity affects its electrical performances and therefore those of the cell. Hence, the membrane behavior depends on its water content  which is related to anode and cathode water activities ( A w a and 
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We emphasis that a detailed description of sorption and desorption mechanisms inside the membrane is extremely difficult because it depends widely on the characteristics of the electrolyte (Nafion) which is a complicated composition of fluor, ethylene and sulfuric acid. However, experimental works provide the evolution of  with respect to w a [29] (see Fig. 3 ). 
Electrical Process
Since the fuel cell is an electrical power source system, representing it as an electrical circuit is quite useful. Indeed, the electrochemical phenomena produced inside the fuel cell components are modeled by electric impedances. The so-called inherent impedance is the equivalent circuit of these components that represents the losses. It is composed of: Including the electrochemical reaction potential and the load resistance into the inherent impedance we obtain a complete equivalent circuit of the cell (Fig. 4) . In Fig. 4, t i is the total current, c i is the geometrical capacity current, i is the output current Fig. 4 is an integral circuit that appears to be more realistic by introducing activation, ohmic and concentration losses as well as the double layer and geometrical capacitance effects. 
Hence, the output voltage out V becomes: 
State-Space Model
In this part, we present the global state-space model based on diffusional, water transport and electrical processes. First, we emphasis that Eqs. (18)- (20) u  ). This fact is generally negative because the derivative mode can amplify the outputs noise. Therefore, we use a low-pass filter to eliminate the noise increasing in derivative mode. Consequently, the first order derivative of the input variables can be approximated by the following equation [31] :
where K is an approximation factor greater than 10.
Let v be an auxiliary input defined as 
where,
Simulation and Results
As mentioned before, the objective of the modeling is to study the effect of water management on the system's performance. The results can be used in a future work to build an appropriate control for humidity minimizing power loss. This can be done by studying the effect of water mole fractions on both membrane's humidity and electrical outputs. Simulation parameters are drawn from the works of Refs. [29, 30, 32] .
To deal with humidity control in dynamical behavior (case of transportation applications), first we need to understand the effect of water mole fractions for a static power demand, i.e., First of all, we state constraints ensuring system stability. Indeed, the current density is stated between the exchange and the limit current densities ( Fig. 5a) corresponding to a variation between 0% and 100% of A w a (Fig. 5b) This is in agreement with membrane operating principle. Indeed, the more the membrane is wet the more its electrical resistance and corresponding ohmic loss are low, and vice versa. However the current density j and the total electrical power t P are constant because the power demand is static Similarly, we simulate in Fig. 6 the effect of 
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In summary, results presented in this part give us qualitative information concerning the effect of the water mole fraction in hydrogen and oxygen as well as their time phasing on the electrical efficiency. These information will be very useful for an appropriate humidification control of the membrane.
Conclusions
In this paper a control-oriented mathematical modeling of humidity in PEM fuel cells is built. The proposed model is able to calculate the membranes water content thereby solving the problem of placing a humidity sensor inside the cell. This work considers interactions between fuel cell's nonlinear phenomena and proposes a more complete equivalent circuit coupling between gas diffusion, membrane water content, temperature, activation loss, ohmic loss, concentration loss, as well as double layer and geometrical capacitances. Effects of gas humidification rates on electrical outputs are simulated. Simulation shows interesting results regarding efficiency improvement through humidity control. This offers the opportunity to use the model, in a future work, to improve PEM fuel cells efficiency and lifetime.
